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Fig. 5 Running time average of the ensemble average of the error
associated with A1; A2; and ÃA for a time-varying Atrue.

Because the idea behind this algorithm is borrowed from linear
estimation theoryof independentunbiasedmeasurementerrors,one
would expect the ensemble average of the angular error to be zero;
however, as can be seen in Figs. 2 and 4, this is not the case.This dis-
crepancy stems from the fact that the displayed error is not linearly
related to the averaged matrices. Also, the errors in the computed
matrices A1 and A2 are not really independent.

Finally, the vectors v1 and v2 , which are the components of the
two abstract vectors resolved in the reference coordinates, were
constant through all runs, and the angle between the two vectors
was close to 90 deg. To investigate the behavior of the algorithm
for a different separationangle, we chose two new v1 and v2 vectors
with a separation angle close to 45 deg and performed the dynamic
test case.The resultswere similar to thosepresentedin Figs. 4 and 5;
however, the errors of all three algorithms were nearly 25% higher,
as expected.

IV. Conclusions
We have presented a simple TRIAD-based algorithm, which

we call Optimized TRIAD, that consistently outperformed TRIAD
in simulated studies. The algorithm consists of solving TRIAD
twice, once with one vector as the anchor and once with the other
vector as the anchor, weight averaging the two resultant matri-
ces, and orthogonalizing the � nal matrix. The weights are deter-
mined by the statistics of the measuring devices that produced the
vector measurements. The idea behind this algorithm is borrowed
from linear estimation theory of independent unbiased measure-
ment errors. However, although the blending of the two TRIAD-
generated matrices is based on an unbiased minimum variance
formula, the ensemble average of the angular error is not zero be-
cause the error is not linearly related to the averagedmatrices. Also,
the errors in the computed matrices A1 and A2 are not really inde-
pendent.

We have shown empirically that, indeed, the accuracy of the Op-
timized TRIAD is better than that of TRIAD even when the latter
uses the vectormeasuredmost accuratelyas the anchor.Note though
that in this statement we refer to the average performance; that is,
occasionally TRIAD may yield results that are better than those
obtained using Optimized TRIAD, but on the average, Optimized
TRIAD performsbetter.Similar to a Kalman � lter, the properblend-
ing of the better with the worse TRIAD-generated attitude matrices
yields, on the average, a result that is more accurate than the better
of the two TRIAD solutions.
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Introduction

T HE ring laser gyro (RLG) has become a common instrumentin
strapdown inertial navigation systems for spacecraft and other

aerospace systems. Current RLGs can sense angular rates as low
as 0.001 deg/h. The RLG’s ability to measure angular rate has sev-
eral limitations including lock-in, stability, linearity and alignment
errors. These limitations contribute to the static noise statistics of
the gyro. Static characterizationof RLG performance has received
much attention since its inception.1 Performance tests on the RLG
have revealed many error sources, such as 1) angle random walk,
2) quantization, 3) bias instability, 4) rate angle walk, 5) rate ramp,
6) sinusoidal component, and 7) scale factor nonlinearity.The � rst
three error terms are normally includedas part of the overall perfor-
mance speci� cations of an RLG given by the manufacturer. How-
ever, traditional approaches such as computing the sampled mean
and variance from a measurement set do not reveal the latter � ve
error sources. Although computations of the autocorrelation func-
tion or the power spectral density (PSD) distribution do contain a
complete description of the error sources, these results are dif� cult
to interpret or extract.

This Engineering Note describes the Allan variance method and
its application to the characterization of an RLG’s performance2

under quasisteady state conditions. The method was initially de-
veloped by David Allan of the National Bureau of Standards to
quantify the error statistics of a cesium beam frequency standard
employed by the U.S. Frequency Standards in the 1960s.3 In gen-
eral, the method can be applied to analyze the error characteristics
of any precision measurement instrument. The key attribute of the
method is that it allows for a � ner, easier characterizationand iden-
ti� cation of error sources and their contribution to the overall noise
statistics.This EngineeringNote presents an overview of the cluster
analysis method,4 explains the relationshipbetween Allan variance
and PSD distributionof underlyingnoise sources, and describes the
batch and recursive implementation approaches.

Method of Cluster Analysis
Let angular rate data ! be takenat a rate of fs samplesper second;

thenfroma collectionof N data points,we form K D N=M clusters,
where M is the number of samples per cluster. The second step is
to compute the average for each cluster from the expression

$k .M/ D 1
M

MX

i D 1

!.k ¡ 1/M C i ; k D 1; : : : ; K (1)
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The third step is to compute the Allan variance from the cluster
averages as follows:

¾ 2
A.¿M / ´ 1

2

«
[$k C 1.M / ¡ $k.M/]2

¬

»D
1

2.K ¡ 1/

K ¡ 1X

k D 1

[$k C 1.M/ ¡ $k .M /]2 (2)

where h i denotes the ensemble average and ¿M D M= fs is the
speci� ed correlation time. Note that in Eq. (2) we indicated that the
ensemble average is to be computed by the time average. Also note
that the expression for the Allan variance comes from the fact that
for any two givenclusteraveragessuch as $1 and $2, the two-point,
unbiased, variance estimate is given by

¾ 2 D .$1 ¡ AV G/2 C .$2 ¡ AV G/2

D 1
2 .$2 ¡ $1/2 (3)

where AV G D .$1 C $2/=2 is the two-sample average. The ac-
curacy in the estimate of the root Allan variance increases with
additional number of cluster averages. In general the 1-¾ accuracy
of the computation for K cluster averages is given by

%error D 100
p

2.K ¡ 1/
(4)

Batch Implementation
The batch implementation follows directly from the Allan clus-

ter averages and variances computations given in Eqs. (1) and (2).
However,an actual implementationmay requiresegmentingthedata
into smaller data sets because of limitations in computer array size.
When this happensadditionalwork is neededto piecethe segmented
results together.

Recursive Implementation
A recursive implementation requires recasting Eqs. (1) and (2)

into a recursive form. The resulting two recursion equations are
called rate recursion and cluster recursion and are summarized in
Eqs. (5) and (6), respectively. For the kth cluster of length M , the
recursive formulation of Eq. (1) can be written as

$k .m/ D [.m ¡ 1/=m]$k .m ¡ 1/ C [1=M ]!.k ¡ 1/M C m

m D 1; : : : ; M; k D 1; : : : ; K (5)

Also for the kth cluster and correlation length m, the recursive for-
mulation of Eq. (2) can be written as

¾ 2
k .m/ D

µ
k ¡ 2
k ¡ 1

¶
¾ 2

k ¡ 1.m/ C
µ

1
2.k ¡ 1/

¶
.$k ¡ $k ¡ 1/

m D 1; : : : ; M; k D 1; 2; : : : (6)

Note that this eliminatesthepotentiallimitationfromcomputerarray
sizebecausefor eachratemeasurement,theaveragerate is computed
sequentially.When the cumulative average rate reaches correlation
length m, the mth cluster is updated accordingly.The square root of
each cluster recursion output yields the root Allan variance.

Error Source Analysis
The most attractive feature of Allan variance is its ability to sort

out various error components by the slopes on the root Allan vari-
ance plot provided the different error mechanisms are reasonably
separated in the frequencyand time domain. In this section we will
further clarify the relation of Allan variance and noise source char-
acterization. The key for developing these important relations is
found in the relation of Allan variance expressed in the frequency
domain as follows:

¾ 2.¿/ D 1

2
h$k C 1 ¡ $ki2 D 4

Z 1

0

d f S!. f /
sin4.¼ f ¿ /

.¼ f ¿/2
(7)

where ¿ is the cluster correlation time and S!. f / is the PSD of an
inertial measurement unit’s measured rate information. Using Eq.
(7) one can show that the computedAllan varianceof different error
sources can be expressed in various powers of correlation time.

Quantization Noise
This noise is strictly due to the discrete/quantized nature of a

sensor’s output. The readout electronics of a device are in terms of
counts. The quantization noise represents the minimum resolution
level of the sensor. The PSD for such a process, given in Ref. 5, is

Sµ . f / D ¿ Q2

³
sin.¼ f ¿ /

¼ f ¿

´2

D ¿ Q2 for f <
1
2¿

(8)

where Q is the quantizationnoise coef� cient. Its theoretical limit is
equal to S=

p
12, where S is the gyro scale factor, for tests with � xed

and uniform sampling times. The rate PSD is related to the angle
PSD (by a differentiationprocess) through the equation

S!. f / D .2¼ f /2Sµ . f / (9)

and is

S!. f / D .4Q2=¿ / sin2.¼ f ¿/

D .2¼ f /2 Q2¿ for f < 1=2¿ (10)

Substituting Eq. (10) into (7) and performing the integration yields

¾ 2
Q .¿/ D 3Q2=¿ 2 (11)

Therefore, the root Allan variance of the quantization noise when
plotted in a log-log scale is represented by a slope of ¡1. Note that
the root Allan variance is normally expressed in units of degree
per hour. Thus, the quantization noise level can be evaluated at
any point on the root Allan variance plot where the slope is ¡1.
Also note that quantization noise has a short correlation time or
equivalentlya wide bandwidth.Becausewidebandnoise canusually
be � ltered out because of low bandwidth of the vehicle motion in
many applications, it is not a major source of error or concern for
RLGs.

Angle Random Walk
Angle randomwalk is a result of integratinga wideband rate PSD

noise.6 Angle random walk due to spontaneous laser emission is a
source of error for all RLGs and even more so for RLGs that employ
randomized dither as an antilock mechanism.7 Angle random walk
noise is typi� ed by a small varying drift with increasing variance
as a function of time. Angle random walk noise typically has a
bandwidth less than 10 Hz and is therefore within the bandwidth
of most attitude control systems. Thus, angle random walk, if not
modeled accurately, can be a major source of error that limits the
performance of an attitude control system.

When the input angular rate is small .·0:2 deg/s/, RLGs with two
counter-rotating beams tend to experience a lockup phenomenon
(i.e., failure to detect nonzero input rate). To avoid this problem,
one approach is to dither the RLG assembly with a sinusoidal mo-
tion. Furthermore, to avoid the buildup of angular error during each
zero rate crossing, the dither amplitude for each half-cycle is ran-
domized. The random zero crossing of the dither signal generates a
wideband noise in the rate power spectrum. The associated PSD of
the wideband rate noise can be represented by

S!. f / D N 2 (12)

where N is the angle random walk coef� cient usually expressed in
degree per hour per

p
Hz. Substituting Eq. (12) into Eq. (7) and

performing the integration yields

¾ 2
arw.¿ / D N 2=¿ (13)
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Note that Eq. (13) indicatesthat a log-logplot of root Allan variance
vs ¿ has a slope of ¡ 1

2 . Furthermore the numerical value of N can
be obtained directly by reading the slope line at ¿ D 1 h.

Bias Instability
This is the low-frequency bias � uctuations in the measured rate

data. The origin of this noise is in the RLG discharge assembly, the
electronics, or other components susceptible to random � ickering.
The rate PSD associated with this noise, also known as 1= f noise8

is

S!. f / D
»

.B2=2¼/.1= f /; f · fo

0; f > fo

(14)

where B is the bias instability coef� cient and fo is the 3-dB cutoff
frequency. Again substituting Eq. (14) into (7) and performing the
integration yields

¾ 2
b .¿ / D 2B2

¼

2

4 2¡ sin3.¼ fo¿ /

2.¼ fo¿ /2
sin.¼ fo¿ / C 4¼ fo¿ cos.¼ fo¿ /

C Ci .2¼ fo¿/ ¡ Ci .4¼ fo¿ /

3

5

D
³

B

0:6648

´2

for ¿ À
1
fo

(15)

where Ci . / is the cosine-integralfunction.Thus, the bias instability
valuecan be read off the root Allan varianceplot at the regionwhere
the slope is zero.

Sinusoidal Noise
The PSD of sinusoidal noise is characterizedby a number of dis-

tinct frequencies.High-frequencynoise may originate from plasma
oscillations in the laser discharge.9 A low-frequency source could
be the slow motion of the test platform due to periodic environmen-
tal changes. A representation of the PSD of this noise containing a
single frequency is given as

S!. f / D 1
2
!2

o[±. f ¡ fo/ C ±. f C fo/] (16)

where !o is the rate amplitude, fo is the frequency, and ±. / is the
Dirac delta function.SubstitutingEq. (17) into Eq. (7) and perform-
ing the integration yields

¾ 2
s .¿ / D !2

o

³
sin2 ¼ fo¿

¼ fo¿

´2

(17)

Thus, the root Allan variance of a sinusoid when plotted in log-
log scale would indicate sinusoidal behavior with successivepeaks
attenuated at a slope of ¡1. This is one case where a conventional
PSD plot is superior in identifying the sinusoidal components.

Rate Random Walk
This noise is a result of integratinga wideband accelerationPSD.

This is a random process of uncertain origin, possibly a limiting
case of an exponentially correlated noise with a very long correla-
tion time. The mechanical gyro, as well as rate biased laser gyros,
exhibits this noise term. The rate PSD associated with this noise
(from integrating a wideband acceleration spectrum) is

S!. f / D .K =2¼/2.1= f 2/ (18)

where K is the rate randomwalk coef� cient. Substitutionof Eq. (18)
in Eq. (7) and performing the integration yields

¾ 2
rrw. f / D .K 2=3/¿ (19)

This indicates that rate random walk is represented by a slope of
C 1

2 on a log-log plot of ¾.¿ / vs ¿ , where K is usually in degrees
per square hour per

p
Hz.

Rate Ramp
This is more of a deterministic error rather than a random noise.

Its presence in the data may indicate a very slow monotonicchange
of the RLG intensity persisting over a long period of time. It could
also be due to a very small accelerationof the platform in the same
direction and persisting over a long period of time .»hours/. It
appears as a genuine input to the RLG given by

!.t/ D Rt (20)

where R is the rate ramp coef� cient. By forming and operating on
the clusters of data containingan input given by Eq. (20), we obtain

¾ 2
rr D R2¿ 2=2 (21)

This indicates that the rate ramp noise has a slope of C1 in the
log-log plot of ¾.¿ / vs ¿ .

Extraction of Individual Noise Sources from Allan Variance
In general, any number of random noise components may be

present in the data, depending on the type of device and the en-
vironment in which the data are obtained. If the noise sources are
statistically independent, then the computed Allan variance is the
sum of the squares of each error type. A method to extract the level
of contribution for each component is needed. The relationshipsof
various error sources and Allan variance as already discussed are
summarized in Table 1, which also lists the units of the parameters
of interest.

Therefore, assuming statistically independent error sources, the
Allan variance can be expressed as the sum of the squares of the
variances of one or more error sources:

¾ 2
total D ¾ 2

Q C ¾ 2
arw C ¾ 2

bias C ¾ 2
sinusoid C ¾ 2

rrw C ¾ 2
rr (22)

with the root Allan variance given by

¾A.¿ / D
p

¾ 2
total

D f .¾Q; ¾arw; ¾b; ¾sin; ¾rrw; ¾rr /

D
2X

n D ¡2

An¿ n=2 (23)

where the coef� cients An are obtained in a least mean squaressense.
Assuming that the computed root Allan variance is expressed in
degree per hour and ¿ is in seconds, then the following expressions
can be used for the 1-¾ measureof quantizationnoise, angle random
walk, and bias instability, respectively:

Q D
³

¼ £ 106

180 £ 3600 £
p

3

´
A¡2

(24)

N D .A¡1=60/ B D .0:6648/A0

In many instances, and especially for real-time data analysis, a
quick approximation that provides an upper bound on the predicted
performance can be obtained without using the least mean squares
� t approach. This is doable because the noise components tend to

Table 1 Summary of relation between Allan variance
and different error sources

Parameter Root Allan variance,
Noise types of interest Units deg/h

Quantization Q ¹rad ¾Q D p
3Q=¿

Angle random walk N deg/
p

h ¾arw D N=
p

¿

Bias instability B deg/h ¾b D
B

0:6648

Sinusoidal !o deg/h ¾s D !o D

³
sin2.¼ fo¿/

¼ fo¿

´

Rate random walk K (deg/h)/
p

h ¾rrw D K
p

.¿=3/
Rate ramp R (deg/h/h) ¾rr D R¿=

p
2
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Table 2 Accuracy of approximate calculation

Error type True value Estimated bound Error, %

Q 10 ¹rad 11:72 ¹rad 17
N 0.1 deg/

p
h 0.18 deg/

p
h 80

B 1 deg/h 1.4 deg/h 40

Fig. 1 Typical root Allan variance plot with only quantization, angle
random walk, and bias instability.

dominate at different correlationtime intervals.For example, let the
triplet f¿q; ¿n; ¿bg represent the time on the root Allan variance vs
¿ plot, where the parameters Q, N , and B are to be evaluated.Then
the expressionthat can quicklybound the valuesof theseparameters
are

Q D
³

¼ £ 106

180 £ 3600 £
p

3

´
¾A.¿q /¿q (25)

N D
³

¾A.¿n/
p

¿n

60

´
(26)

B D .0:6648/¾A.¿b/ (27)

Assuming a typical set of parameters for the RLG (say, Q D
10 ¹rad, N D 0:1 deg/

p
h, and B D 1 deg), a corresponding root

Allan variance plot is shown in Fig. 1, obtained from solving for
the coef� cients Ak for k D f¡2; ¡1; 0g as given in Eq. (24). Note
that we have neglected to include all other noise components except
that of quantization,angle randomwalk, and bias instability.Table 2
summarizes the accuracy in using the approximatedexpressionsas

givenin Eq. (25).For the typicalsetof parameterswehavechosenfor
the RLG, the approximatecalculationsbound the quantizationnoise
by 20%, angle random walk by 80%, and bias instability by 40%.
Thus for a morepreciseestimateof anRLG performance,a complete
root Allan variance vs correlation time plot should be generated
(may take several hours of actual data recording). Then appropriate
noise components can be identi� ed by measuring varying slopes of
the plot. A least mean squares � t procedure may then be applied to
extract the various components.

Summary and Conclusions
This EngineeringNote has summarized the methodof Allan vari-

ance for analyzing the performance of ring laser gyros in terms of
various error sources.These includedquantizationnoise, angle ran-
dom walk, bias instability, sinusoidal, rate random walk, and rate
ramp. We presented two numerical approaches to compute Allan
variance: batch implementation and recursive implementation. We
have also demonstrated how various error sources can be extracted
from the Allan variance computation.
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